Certain operator algebras induced by ∗-derivations in C∗-algebras on an indefinite inner product space  by Ôta, Schôichi
JOURNAL OF FITNCTIONAL ANALYSIS 30, 238-244 (1978) 
Certain Operator Algebras Induced by *-Derivations in 
C*-Algebras on an Indefinite Inner Product Space 
SCHBICHI OTA* 
Department of Mathematics, Yamagata University, 
Koshirakawa, Yamagata 990, Japan 
Communicated by the Editors 
Received May 17, 1977 
We consider operator algebras on an indefinite inner product space, which 
are induced by *-derivations in C*-algebras, and give some conditions for 
boundedness of *-derivations by using them. Also we show a close relationship 
between a *-derivation and particular subspaces which are invariant under the 
algebra induced by that *-derivation. 
1. INTRODUCTION 
Let ‘8 be a C*-algebra with the identity acting on a Hilbert space Z’. A linear 
mapping 6 from the domain D(8), which is a dense *-subalgebra of PI, into ‘$I 
is called a *-deriwation if 6(ab) = a&(b) + 6(u)b and 8(a*) = 6(a)* for all 
a, b E B(S). 
We define a mapping 7r6 of a(8) into the algebra of all bounded operators 
999(X @ X) on X @ X as follows: 
for all a E D(8). Then ~,,(a@)) is an algebra. Recently Chi [2] has shown that 
several results on the domain of a closed unbounded derivation in a C*-algebra 
are obtained by using such an algebra. 
The algebra z-@(8)) turns out to be an involutive algebra, defining its 
involution w,(a) -+ ~~(a)’ by ~~(a)’ = ~,(a*) for all a E z)(S). 
In [l] Bratteli and Robinson showed that if S is closed and a E D(8) is not 
only positive but invertible then 0 E D(8). In a conversation with the author 
S. Sakai posed the question that a closed *-derivation 6 may be bounded 
(a(8) = 9l) if the domain D(6) is closed under the square root operation of 
positive elements. Making use of the above involutive algebra, we show in 
Section 2 that this is actually the case. We also show that a closed *-derivation S 
is bounded if it is bounded on the unitary group of D(8). 




Copyright 0 1978 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
OPERATOR ALGEBRAS INDUCED BY DERIVATIONS 239 
In &’ @ &’ we introduce the indefinite inner product by [x, y], = (Jx, y) 
for x, y E ti @ .#‘, where J is a Hermitian unitary operator on #’ @ .%?’ 
defined by J([ @ r]) = 7 @ .$ for I, 7 E A?’ and (v, *) is the usual inner product 
in &’ @ ti. The above involution of &D(8)) coincides with the adjoint opera- 
tion with respect to [., *I5 . So we may regard the algebra rr,@(S)) as an operator 
algebra on the indefinite metric space. From this point of view, we give in 
Section 3 a relation between 8 and some r8(9(8))-invariant subspaces. 
The author would like to thank Professor S. Sakai for proposing the problem 
in Section 2 and for many valuable conversations on this subject. 
2. BOUNDEDNESS OF DERIVATIONS 
We begin with the concept of a Lorentz algebra in an indefinite metric space. 
Let X be a Hilbert space with the usual inner product (*, +) and let Jo be an 
Hermitian unitary operator on %. In .Y we introduce an indejnite inner product 
defined by h AJo = Uox, Y) f or x, y E X. With this indefinite inner product, 
X is called a JO-space denoted by (X, Jo). For A E g(X), the operator AJo 
will denote the adjoint operation of A with respect to [., *IJO . This implies that 
AJo = J,A* J,, . Let a be a Banach subalgebra of a(X). If b is an involutive 
algebra with this adjoint operation A -+ AJa as involution, then b is said to 
be a Lrnmtz algebra on {X, JO} [7]. 
Let ‘$I be a C*?algebra with the identity acting on a Hilbert space H and let 6 
be a *-derivation with the domain which is a dense *-subalgebra of 5%. Let J 
be a Hermitian unitary operator on a Hilbert space G# = 2 @ A?’ defined by 
{\~o~s~) = 710 [ for 5,~ E X. We define a mapping rrd of a(8) into a’(#) as 
0 
fl&) = (8;) “,, 
for all a E D(8). Then r8 is an isomorphism of ID(S) into .@(.#). 
PROPOSITION 2.1. In the above situation r,@(8)) is a Lore&z algebra on a 
J-space (2, J} if 6 is closed. Furthermore r,,@(8)) is Hermitian and semisimple as 
an involutive Bunuch algebra. 
Proof. For any a E a(&) we have 
240 SCH6ICHI &A 
hence rrQJ(S)) is an involutive afgebra. We show the completeness of n@(S)). 
If a sequence +~,(a,)} ( a, E a(8)) is convergent, both sequences (a,} and @(a,)} 
are Cauchy sequences from the inequality, j/ m&a)\] > max(jj a 11, jl S(u)ll}. 
Therefore there are elements a and b in ZI such that lim a, = a and lim 8(a,) = b. 
Since S is closed, we have a E D(8) and 8(a) = b, which implies lim ~~(a,) = 
r*(u). Thus +(6)) is a Lorentz algebra on ($,J}. For each Hermitian 
b E D(8) the spectrum of rrs(b) in V&D(S)) equals that of b, since 7r8 is an iso- 
morphism and (b - h)-l E D(8) for h E C\Sp(b) by [I, Theorem 21. Hence the 
algebra ~&D(8)) is H ermitian and, as is easily seen, it is also semisimple. 
An involutive Banach algebra is said to be C*-equivalent if it is *-isomorphic 
to some C*algebra. 
LEMMA 2.2. Suppose that 6 is a closed *-derivation in a O-algebra 5X. Then 
VT~(!D(S)) is C*-equivalent ;f  and only ;f  6 is bounded (B(8) = cu>. 
Pmf. If 7r&D(S)) is C*- e q uivalent then there exists an involution-preserving 
isomorphism of n&D@)) onto some C*-algebra ‘8. As 7~ is also an involution- 
preserving isomorphism of D(8) onto ~@(8)), there is a *-isomorphism of % 
onto b(8). It follows from [12, 1.2.6. Corollary] that D(8) is closed. Since a(8) 
is dense in %, we have a(8) = 2I, i.e., 8 is bounded. The converse is clear. 
COROLLARY 2.3. Under the sati assumption as Lemma 2.2, ;f  sup{[[ 8(a)(\ : 
a E 9} < + co then 6 is bounded, where 9 is the unitary group of B(8). 
Proof. Since a E 9(S) is unitary if and only if ~~(a) is also, we have (( q(a)11 < 
1 + l\ti(a)ll for a E $9, which implies sup{// A 11 : A E @) < +co, where $@ 
denotes the unitary group of 7r8(D(8)). Therefore ~@(8)) is C*-equivalent by 
[8, Corollary 121. The corollary follows from Lemma 2.2. 
Remark. For boundedness of a linear mapping on a C*-algebra, a similar 
result is known (cf. 111, Corollary 13). 
In [lo] Powers and Sakai have proved that a densely defined derivation in a 
(Y-algebra is closable if its domain is closed under the square-root operation 
of positive elements, And Bratteli and Robinson have shown in 111 that if 6 is 
closed and a is positive invertible element in a(8) then alI2 E a(8). In these 
connections we have 
THEOREM 2.4. Let ‘$I be a C*-algebra on a Hilbert space &’ and 6 a closed 
*-derivation in 5% If its domain D(8) is closed under the square-root operation of 
positive elements, then B(S) = fl, that z’s, 6 is bounded. 
Proof. If a Hermitian element n,(u) of rr&D(S)) (rid(u) = ?T~(Q)~) has positive 
spectrum, that is, Sp(~~(a)) 2 0, then Sp(a) 3 0 since Sp(~,(u)) = Sp(u). 
Our assumption implies that all” E b(S) and so the square root n8(u)l/’ exists in 
Q(‘X$~)) with n8(u)l/a = .rr,(di2). Since rr@(S)) is a Hermitian semisimple 
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Lorentz algebra by Proposition 2.1, m@(S)) is C*-equivalent because of a 
generalized K&m&m’s theorem [3, Corollary]. The theorem follows from 
Lemma 2.2. 
3. s~~(~D(B))-INvARIANT SUBSPACRS OF (2, J} 
In this section we shall consider the relationship between S and r&D(S))- 
invariant subspaces. In the rest of this paper we need some concepts in Jo-spaces. 
A subspace %R of a J,-space {X, JO} is said to be Jo-uniformly positive if there 
is a constant X > 0 such that [x, xlJO b h I] x II2 for every x E 2.X, and to be 
J,,-positive if [x, x]~, > 0 for a nonzero element x of 9.X. A J,,-uniformly positive 
subspace is called maximal if it is not a proper part of any other Js-uniformly 
positive subspace. The concepts of Jo-negative and maximal J,,-positive sub- 
spaces are introduced analogously [4,6]. We remark that any maximal Jo- 
uniformly positive subspace is closed. For an operator T on a Hilbert space we 
denote by G(T) the graph of T. 
LEMMA 3.1. Let 6 be a *-derivation in a C*-algebra ‘$I on H. The algebra 
~~(lD(8)) has a maximal J-uniformly positive invariant subspace of (9, J} if and 
only if 6 is continuous on D(8). 
PYOOf. rf ,rs(D(S)) h as a maximal J-uniformly positive invariant subspace W 
then by [7, Theorem 2.21 there is an operator T in 9(X) such that G(T) = $4. 
On the other hand we have 
for a E: ID(S) and 5 E Z’, hence S(a) = Tu - UT for a E D(S) from the invariance 
of !JII under rrQ(S)). Th us S is continuous on ID(S). Conversely if S is continuous 
on a(S) the continuous extension of S on 2I is also a derivation implemented 
by a skew-adjoint operator K in the weak closure of ‘9X [12, 4.1.7. Corollary], so 
that S(a) = [k, a] (= Ka - ak) for a E a(S). Put T = k + ~1 for a fixed constant 
E > 0. Then it is not difficult to show that (T + 1)-l E &9(X) and /I(T - 1) x 
(T + 1)-l I] < 1. Therefore G(T) is a maximal J-uniformly positive subspace 
of (9, J} by [7, Theorem 2.21. Since S(a) = [K, u] = [T, u] for a E a(S), the 
graph G(T) is invariant under the algebra VT@(S)). 
By Lemma 3.1, the algebra rr,(D(S)) h as no maximal J-uniformly positive 
invariant subspace if S is unbounded. 
A densely defined operator T on a Hilbert space fl is called accretive if 
Re(Tf, 5) 3 0 for every 5 of the domain ID(T). An accretive operator which 
has no proper accretive extension is called maximal accretive. A densely defined 
maximal accretive operator T on &’ is said to be strict if Re(Tf, 5) > 0 for a 
nonzero element 5 of D(T). For a densely defined continuous operator T on &‘, 
we denote by rf’ its continuous extension on X. 
580/30/W 
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THEOREM 3.2. Let Z be a C*-algebra on a Hilbert space A? and 8 a *-deriva- 
tion in 2l. Then the following conditions are equivalent: 
(1) ns(D(8)) has a maximal J-positive invariant closed subspace ‘9JI of (2, J}. 
(2) There is a densely defined strict maximal accretive operator T on 2 
such that %I = G(T), D(8) B(T) C B(T) and 
8(a) = [T>] 
for a E ID@). 
In particular, 6 is closable. Furthermore 6 is closed if {a E %; aD( T) C a(T)) C 
W). 
We prepare two lemmas for the proof of Theorem 3.2. Let J1 denote a 
Hermitian unitary operator on 2 defined by J1([ @ 7) = .$ @ (-7) for 
[,q E &’ and let !WI( J1) (%II( J)) denote the set of all maximal Jr-positive (J- 
positive) closed subspaces of (#, JI} ({g, J}) respectively. The next lemma is 
easily verified by [4, Theorem 6.31. 
LEMMA 3.3. Th mapping G is a bijection of the set of all SE a(&‘) with 
II DX II < II x II (3 f  0) on ‘WJ,)- 
LEMMA 3.4. The mappiq G is a bijection of the set 8 of all densely defined 
strict muximul accretive operators m S’ onto a(J). 
Proof. We shall consider that the following correspondences; 
8 -94 (S E iqq : \I sx 1) < 11 x I) (x # O)p-+ rn(Jlp+ ‘m(J), 
T +s l ‘W---+~m, 
which are bijections given by (i) S = (T - l)(T + 1)-l, (ii) G(S) = %RI ,
(iii) m = &I& ; and that G(T) = %R, where u = 2-1/2(i -:). 
A densely defined accretive operator T on .%’ is maximal if and only if 
(T + 1) D(T) = X [13, p. 1671. Therefore it is not difficult to show that (i) is 
a bijection. (ii) is Lemma 3.3. So it suffices to show that (iii) is also a bijection. 
Let rpZ, be a Jr-positive closed subspace of (2, Jr}. Since u is unitary with 
u*Ju = J1 , we have [x, xl!,. = [ux, ux], for x E Eoz, and so z&I, is J-positive. 
Conversely if YJI is a J-postttve closed subspace of (2, J}, um is Jr-positive. 
It is clear that this correspondence preserves the maximality among them. 
Now we shall show that G(T) = !BI. S ince(l-S)-l’B(T)=(T+ l)B(T)=X 
from the maximality of T, we have 
G(T) = G((l + S)(l - S)-l) 
= ((1 - S)S 0 (1 + S)S : it E JE”) 
=ug@sl:tE*) 
= uG(S) = u9J11 = 9X 
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This lemma is proved. 
We remark that a densely defined maximal accretive operator on a Hilbert 
space .z? is closed if it is strict by the above lemma, so that T E 6 satisfies that 
(T + A)-” E g(Z) and /J(T + X)-l 1) < (&X)-l for Reh > 0 [5, footnotes, 
p. 2791. 
Proof of Theorem 3.2. Suppose that n&D(s)) has a maximal J-positive 
invariant closed subspace ‘E Then there is uniquely a strict maximal accretive 
operator T on 8 with m = G(T) by Lemma 3.4. Furthermore we have 
~~(a)([ @ T[) = a4 @ (S(a)6 + aT.$ for 5 E D(T) and a E a(6). From the 
invariance of ‘!IA under ~~(a@)) we obtain a[ E D(T) and Tat = a(a)6 + aT[, 
so that S(a) = [G] for a E B(8) since the domain D(T) of T is dense in .Y. 
The converse is clear. Next, suppose that a,, E D(8) --+ 0 and 6(a,) -+ b E 91, 
then for any 4 E D(T) we have a,& + 0 and 
Since T is closed, bt = 0 for E E D(T) and so b = 0, which implies that 6 
is closable. In a similar way, one verifies easily that 8 is closed if (a E 91 : aD( T) C 
B(T)} C a(8). The theorem is proved. 
Let 2I be a C*-algebra and # a representation of 2I on a J,,-space {,;Y”, J,,) with 
dJ(Q*) = $w” (=JolCl(Q)*Jo)* I n a previous paper [7] we showed that the 
J,,-involutive algebra I&‘%) ha s a maximal J,-uniformly positive invariant 
subspace of (%“, Jo} if and only if # is similar to a *-representation (in a usual 
sense) on some Hilbert space, and particularly that 7r6 is always similar to a 
*-representation whenever ‘D(6) = ‘%. W e d o not know under what conditions 
of rr6 or D(S) the statement (1) of Theorem 3.2 holds. But we have the following 
proposition which was suggested by V. S. Sul’man to the author. 
Let mi (;=1,2) b e re p resentations of an algebra JZ! on Hilbert spaces x$ 
(i = 1,2), respectively. If there is a linear, one-to-one and continuous trans- 
formation X from #r onto a dense subspace in .Zz such that X~T,(U) = r,Ja)X 
for every element a of A!, then we say that or is quasi-similar to ~a . 
PROPOSITION 3.5. Let 2I be a C*-algebra wn a Hilbert space 2 and 6 a 
*-derivation in ‘Lc. Suppose that r6 is quasi-similar to a *-representation of a(8) on 
some Hilbert space. Then there exist a J-positive subspace %I and a J-negative 
subspace W of (2, J} such that both subspaces !UI and !% are invariant under 
7ra(a(S)) Andy = Cl(%Q + W) (Cl = closure). 
Proof. Let p be a *-representation of D(S) on a Hilbert space .%$ and let X 
be an intertwining operator between r8 and p with p(a)X = X,,(a) for a E D(8), 
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CIX(&j = x0 and Ker(X) = 0. For every a E B(8), from the equality that 
~~(a*) = Jra(u)*J, we have 
xJX*p(a) = XJ(Xn-&*))* = XJ?7&*)*X* 
= Xv,(a) JX* = p(a) XJX*, 
which implies that the self-adjoint operator XJX* belongs to the commutant 
of the algebra p(T)(6)). The operator XJX* is invertible. Put !2+ = Jofm &(A) tie 
and 2?_ = jrm de(h) SD, where {e(A)} is the resolution of the identity corre- 
sponding to XJX*. If we take 93 = JX*!i?+ and ‘S = JX*!i?, then both m 
and 8 are invariant under the algebra W&Q(~)) by the equality that JX*p(a) = 
~~(a) JX* and the invariance of 2+ and !iL under p(Z)(s)). Next we show that 
‘23 is J-positive. For every f E f?, , we have 
[JX*f, IX*& = (X1X*5, 5) = j+m Ad II e(Qf II2 3 0. 
0 
If [JX*f, J-X*& = 0 for some t E 2, , then [ = e(O)5 and so 5 = 0. The 
subspace 8 is also J-negative analogously. It is easily seen that 2 = Cl(m + %I). 
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